We present the analysis of a peculiar W Virginis (pWVir) type-II Cepheid, OGLE-LMC-T2CEP-211 (P puls = 9.393 d), in a double-lined binary system (P orb = 242 d), which shed light on virtually unknown evolutionary status and structure of pWVir stars. The dynamical mass of the Cepheid (first ever for a type-II Cepheid) is 0.64 ± 0.02 M ⊙ and the radius R = 25.1 ± 0.3 R ⊙ . The companion is a massive (5.67 M ⊙ ) main-sequence star obscured by a disk. Such configuration suggests a mass transfer in the system history. We found that originally the system (P init orb = 12 d) was composed of 3.5 and 2.8 M ⊙ stars, with the current Cepheid being more massive. The system age is now ∼ 200 My, and the Cepheid is almost completely stripped of hydrogen, with helium mass of ∼ 92% of the total mass. It finished transferring the mass 2.5 My ago and is evolving towards lower temperatures passing through the instability strip. Comparison with observations indicate a reasonable 2.7·10 −8 M ⊙ /y mass loss from the Cepheid. The companion is most probably a Be main-sequence star with T = 22000 K and R = 2.5 R ⊙ . Our results yield a good agreement with a pulsation theory model for a hydrogen-deficient pulsator, confirming the described evolutionary scenario. We detected a two-ring disk (R disk ∼ 116 R ⊙ ) and a shell (R shell ∼ 9 R ⊙ ) around the companion, that is probably a combination of the matter from the past mass transfer, the mass being lost by the Cepheid due to wind and pulsations, and a decretion disk around a rapidly rotating secondary. Our study together with observational properties of pWVir stars suggests that their majority are products of a similar binary evolution interaction.
INTRODUCTION
Type-II Cepheids are low-mass pulsating stars that belong to the disc and halo populations (Wallerstein 2002) . They are a much older counterpart of the more massive classical Cepheids with periods and amplitudes in a similar range but about 1.5-2 mag fainter. They exhibit a tight and well-defined period-luminosity (P-L) relation (Leavitt 1908) and may serve as good distance indicators, allowing a measurement of distances both inside and outside of our Galaxy (Majaess et al. 2009; Matsunaga et al. 2011; Groenewegen & Jurkovic 2017; Soszyński et al. 2018) .
Compared to classical Cepheids, our knowledge of type-II Cepheids is very poor, being more qualitative than quantitative. Type-II Cepheids are usually divided into three subgroups depending on the pulsation period, observational properties and evolutionary status but with a similar period-luminosity relation. Starting from the work of Gingold (1976, 1985) it is generally accepted that those with the shortest periods (called BL Herculis or BL Her stars) are evolving from the Horizontal Branch to the Asymptotic Giant Branch (AGB). Those with periods in the range of 4-20 days (called W Virginis or W Vir stars) are on their way up the AGB and enter the pulsational instability strip due to helium shell flashes, which makes them move to higher temperatures on the HR diagram. Finally, those with the longest periods (called RV Tauri or RV Tau stars) are leaving the AGB on their way to the white dwarf cooling sequence. The result of Gingold's work was only qualitative though, explaining the difference between these three subgroups with different periods, without an explanation of the relative rate of occurrence nor a measurement of the values of basic parameters including the masses of these variables. The situation is even more complicated as more recent evolutionary models (see Bono et al. 2016 , and references therein) do not predict thermal pulses that would explain the existence of W Vir stars.
It is clearly important to obtain direct measurements of the masses for a sample of type-II Cepheids to pinpoint their evolutionary status. The best means for such measurements are observations of eclipsing binary systems in which one or both components are pulsating stars. We have applied this method to eclipsing binaries containing classical Cepheids obtaining very precise masses (Pilecki et al. 2013 (Pilecki et al. , 2018 Gieren et al. 2015) .
As part of a program studying the characteristics of type-II Cepheids, the OGLE project Soszyński et al. (2008 Soszyński et al. ( , 2018 identified a group of W Virginis stars that for similar periods have different looking light curves, with the ascending branch being steeper than the descending one. They were called peculiar W Virginis stars (hereafter also pWVir). In general, these stars also lie above the normal P-L sequence for type-II Cepheids and are bluer in color. Since a significant fraction of pWVir stars show eclipses and ellipsoidal modulations, it has been suggested that all of them are members of binary systems. The extra light from the companion would then move the stars above the sequence. Peculiar WVir also have a different spatial distribution from the other type-II Cepheids in the LMC, which suggests that their evolutionary history is different.
Recently we analyzed photometric and spectroscopic observations of a system with one such Cepheid, OGLE-LMC-T2CEP-098 (Pilecki et al. 2017b ). The results indicated that this star, with a mass of about 1.5 solar masses, is not a member of any of the known Cepheid groups, and is probably a product of a mass reversal during its evolution. Preliminary results for other systems suggest that high mass ratios and the presence of a disk are very common for type-II Cepheids in binary systems Pilecki et al. (2017a) .
Here we present the analysis of spectroscopic and photometric data for another such system, OGLE-LMC-T2CEP-211, which was found in the data of the OGLE-4 stage of the OGLE project (Udalski et al. 2015; Soszyński et al. 2018) . We show evidence that the Cepheid is a genuine member of the observed eclipsing binary system. Section 2 presents the data used in this study, Section 3 presents our analysis and the results, Section 4 contains an analysis of the evolution of this binary system, Section 5 discusses the pulsational properties of the Cepheid. We conclude in Section 6 with a summary of the paper together with a discussion of the results.
DATA
Our analysis makes use of 797 measurements in the Cousins I-band collected with the Warsaw telescope at Las Campanas Observatory and provided by the OGLE project (Soszyński et al. 2018 ). The OGLE V-band data were only used to determine the system brightness and color, as the most important (see Section 3.3 for explanation) secondary eclipse is not covered in this band. Basic photometric data for the system are given in Table 1 . A finder chart of the system is shown in Fig. 1 .
The spectroscopic data were acquired using the MIKE spectrograph on the 6.5-m Magellan Clay telescope at Las Campanas Observatory and the UVES spectrograph on VLT at Paranal Observatory in Chile. In total we obtained 25 high-resolution spectra (19 MIKE + 6 UVES). The MIKE data were reduced using Daniel Kelson's pipeline available at the Carnegie Observatories Software Repository 1 . The UVES data were reduced using ESO Reflex software and the official pipeline available at the ESO Science Software repository 2 . The photometric data are available from the OGLE webpage, and our radial velocity measurements are available on the webpage 3 and in the online version of the manuscript. (Soszyński et al. 2018) .
Periods are calculated from the separated light curves. Magnitudes are flux-averaged over pulsation cycle. Figure 1 . Neighborhood of OGLE-LMC-T2CEP-211 (marked with a white cross). An area of 60x60 arcseconds is shown.
ANALYSIS AND RESULTS

Photometry
The brightness and light curve of the pulsating star suggests that this object is a type II Cepheid. It is classified as a peculiar W Virginis star in the OGLE collection of variable stars (Soszyński et al. 2018) . Here we present an analysis of the light curve, including a separate confirmation of the variability type of the star.
We first removed the observations in and close to the eclipses from the original light curve (LC org ), and then subtracted a low-order Fourier series fitted to the ellipsoidal variability that was still visible in the data (out of eclipses). The light curve was also detrended in the process, i.e. we have subtracted a systematic brightness variation with a period of about one year. The resulting pulsational light curve (LC puls ) is presented in the left panel of Fig. 2. This pulsational variability was then subtracted from the original light curve to obtain the eclipse light curve (LC ecl ) which is shown in the right panel. The orbital and pulsational periods determined in this process are given in Figure 2. top: Pulsational I-band light curve of the Cepheid OGLE-LMC-T2CEP-211 folded with the ephemeris Tmax(HJD) = 2456123.1120 + 9.3933×E. | bottom: The I-band eclipsing light curve of the system freed from the pulsation of the Cepheid, folded with the ephemeris Tpri(HJD) = 2455997.92 + 242.18×E. The primary eclipse is much wider than the secondary eclipse.
With the observed brightness and period the star falls directly on the period-luminosity relation for type II Cepheids in the part occupied by the W Virginis variables (W Vir) in the LMC -see Fig. 3 . As seen in Fig. 2 the shape of its pulsation light curve is however different, with the ascending branch steeper than the descending one, quite opposite to typical W Vir stars with similar periods. In the OGLE Collection of Variable stars with this type of light curves 4 are classified as peculiar W Virginis stars (Soszyński et al. 2008) .
We have studied the shape of the Cepheid LC puls through its Fourier decomposition parameters (Simon & Lee 1981) . To describe the light curve shape the amplitude ratios R i1 = a i /a 1 and phase differences φ i1 = φ i − i * φ 1 are used, with a series of the following form fitted to the data:
The position of the star in the R 21 and φ 21 vs. period plane is compared to other Type II Cepheids in Fig. 4 . It is consistent with the classification as a peculiar W Virginis star.
After the subtraction of both (pulsational and eclipsing) variabilities we have checked if there is any other residual periodic variability. We found two significant peaks in the frequency domain (0.0982d −1 and 0.1148d −1 ) which are equally spaced from the main pulsation frequency of 0.1065d −1 . These additional peaks are shifted by 2/P orb from the main peak, which means that the pulsations are affected by something related to the binarity of the Cepheid. Soszyński et al. (2010) suggested that tidal interactions are involved -the Cepheid is not spherical and we see the star differently depending on the orbital phase. Figure 3 . Position of the Cepheid in the system studied in this paper, on the period-luminosity diagram for type II Cepheids in the LMC from the OGLE catalog. P-L relation for W Virginis stars is shown. OGLE-LMC-T2CEP-211 is one of the faintest pWVir stars for its period.
We have also detected a significant but irregular pulsation period variation composed of 3-4 erratic short scale episodes of period decreases and increases during the 8 years of observations. The measured average period change is (2.4 ± 0.3) × 10 −6 but this measurement suffers from the irregular variability of the period and highly not uniform distribution of observations -the cadence is significantly lower after HJD 2456400. It will be important to re-do this analysis once observations spanning a longer duration are available in order to check the influence of the evolution on the period of the Cepheid. The origin of the short-scale variations is not yet clear.
Spectroscopy
Unlike the OGLE-LMC-T2CEP-098 system with a type II Cepheid we studied before (Pilecki et al. 2017b ), OGLE-LMC-T2CEP-211 is a clear double-lined spectroscopic binary (SB2). The Broadening Function profile of both components is shown in Fig. 5 . Although the signal from the secondary is relatively weak, it is strong enough to be detectable in the majority of our spectra and to derive the velocity of the secondary with good precision. This makes possible a reliable dynamical mass determination.
To measure velocities we used the Broadening Function method (Rucinski 1992 (Rucinski , 1999 implemented in the RaveSpan application (Pilecki et al. 2013 with templates matching the Cepheid and its companion in the temperaturegravity plane. The templates were taken from the library of theoretical spectra of Coelho et al. (2005) . Radial velocities were measured in the range 4125 to 6800Å. The typical formal errors of the velocities of the system components are about 600 m/s.
The measured velocities show cyclical variations with the pulsational and orbital periods as derived from the light curve analysis. This unambiguously confirms that the Cepheid OGLE-LMC-T2CEP-211 is a component of an eclipsing binary system.
To disentangle the orbital and pulsational motions we simultaneously fitted the eccentricity e, argument of periastron ω, velocity semi-amplitudes K 1 and K 2 , systemic velocity γ, the orbital period P orb , the reference time T 0 , and a number of Fourier series coefficients representing the pulsational radial velocity (RV) curve together with a constant offset from the γ-velocity (the K-term). The shape of the pulsational RV curve is far from sinusoidal and we had to use 5th order series to describe it. Because of the relatively low number of data points, we had to use regularization (Neumaier 1998) to avoid over-fitting.
The time span of spectroscopic and photometric observations is similar and the orbital cycles more uniformly covered in the radial velocity curve than in the light curve so we decided to fit the orbital period independently, but the same value of P orb was derived from both data sets within the uncertainties. Because of the much better phase coverage of the pulsational light curve, we decided to use the period of the pulsation taken from the photometric data analysis, but fit the reference time of the maximum to account for any phase shift. If we however leave the period as a free parameter the resulting value is perfectly consistent with the mean period from the light curve. As the spectroscopic observations were obtained in more recent epochs, we conclude that on average the period change is insignificant on the time scale of the observations, although short-scale variations may be quite rapid.
Small eccentricity (e = 0.010 ± 0.015) was initially obtained for the best model. However, as the value is consistent with zero, for simplicity we eventually assumed a circular orbit for the system.
The final model parameters are presented in Table 2 and the pulsational and orbital RV curves are shown in Fig. 6 and 7, respectively. The pulsational amplitude is about 27.5 km/s, which for the pulsational period of 9.4 days translates to an amplitude of the radius change of 5 to 5.8 R ⊙ depending on the assumed p-factor ranging over 1.2-1.4 Gallenne et al. 2017) .
In Fig. 8 and 9 we show the H α region for spectra taken at three different orbital phases. Gaussian profiles with FWHM = 375 km/s are overplotted, centered on the measured velocities of the two components at the given phases. The strong emission line is clearly correlated with the companion and not the Cepheid. The line splitting is a clear indication of the presence of an edge-on disk (Rivinius et al. 2013; Zhou et al. 2018 ). This type of profile is also typical for Be shell stars (Silaj et al. 2014) , suggesting that the massive companion may be of this stellar type. The central absorption line is blended with the shallow absorption line of the Cepheid and thus slightly shifted from the companion velocity. The broad emission line shows signs of variability, which is also typical for Be shell stars. Assuming the emission indeed comes from the circumstellar disk, we can estimate at what distance it originates using a wavelength shift in reference to the companion. We found that the maxima of the emission are shifted by 94-98 km/s, which correspond to a distance of 113 R ⊙ to 122 R ⊙ from the companion center.
The H β line is much weaker than H α and thus more noisy, but its shape is also characteristic for stars with a circumstellar disk. As seen in the right panel of Fig. 9 the absorption feature comes from the environment of the Cepheid, but the emission maxima are located symmetrically around the companion velocity shifted by ±130 km/s. This velocity corresponds to the distance of about 64 R ⊙ from the companion center. A presence of very wide calcium lines is also easily noticeable in the data. More advanced analysis of the spectra is for now prohibited by relatively low signal to noise ratio for them, but is planned for the future, once better quality data are collected.
Modeling
We started the analysis of the system by fitting a simple eclipsing binary system model to the LC ecl light curve, i.e. the light curve with the pulsations subtracted. This fit resulted in a very high eccentricity, needed to explain the difference in the eclipse widths, which is totally excluded from the orbital solution (eccentricities higher than 0.04 are highly improbable). For a circular orbit we could obtain a good fit to the secondary eclipse, but the primary eclipse was much narrower than that observed (the zero eccentricity impose the eclipses to be equal in width). To explain the observed features, the presence of some additional dark component is necessary in the system which blocks the Cepheid light around the phase of its eclipse, but having negligible effect on the light curve when the companion is eclipsed. We concluded than a presence of a disk around the companion to the Cepheid is necessary to explain these observations.
To obtain an approximate solution for the Cepheid we cut out the part of the light curve affected by the disc presence (the wider and deeper primary eclipse). Normally in such a case it is not possible to obtain the ratio of the radii. However, as described in Pilecki et al. (2015) and Pilecki et al. (2017b) , the presence of a pulsating component in the system adds extra constraints to the model. A light curve solution for such a system together with the orbital solution make it possible to estimate the necessary physical parameters with confidence.
For a detailed description of the method and the analysis steps we refer the reader to Pilecki et al. (2017b) and Pilecki et al. (2013) . Here we present a short summary of the subject.
The photometric data were analyzed using a eclipse modeling tool based on the well-tested JKTEBOP code (Southworth et al. 2004 ) modified to allow the inclusion of pulsational variability. The JKTEBOP code itself is based on the EBOP code (Popper & Etzel 1981) , in which the stars are treated as spheres for calculating eclipse shapes and as bi-axial ellipsoids for calculating proximity effects. This treatment of the stars makes it useful only for well separated components, but the code is very efficient and has low numerical noise.
In our approach we generate a two-dimensional light curve that consists of purely eclipsing light-curves for different pulsating phases. A one-dimensional light curve is then generated (interpolated from the grid) using a combination of pulsational and orbital phases calculated with the Cepheid and system ephemerides.
From the photometric solution we have the period, the time of the primary minimum (T I ), the inclination (i), the fractional radii (r 1 and r 2 ) and the surface brightness ratios (j 21 ). Fractional radii are expressed in the units of A, the separation of the components, such that r i = R i /A, where R i are the physical radii of the components. The eccentricity (e) and the argument of periastron (ω) were taken from the orbital solution. The third light was assumed to be negligible and the p-factor was set to 1.25, an appropriate approximation given the quality of the data.
As mentioned, the analyzed data set makes it impossible to reliably derive both the primary and secondary radii. Using pulsation theory models as described in Pilecki et al. (2017b) and the calculated mass and estimated temperature (described below), we obtain a Cepheid radius for which the calculated and observed periods match. This yields a radius value for the Cepheid of 25.1 ± 0.3R ⊙ . Then, only the radius of the companion was fitted.
To obtain an optimal solution and an error estimation a standard Monte Carlo and Markov Chain Monte Carlo (MCMC) sampling was used. The final light curve model is presented in Fig. 10 .
To estimate the temperature we have used a semi-empirical transformation from Chiosi et al. (1993) and the (V − I) color calculated from the corresponding P-L relations (Soszyński et al. 2008) , assuming an average combined LMC and Galactic foreground reddening value of E(B − V )=0.12 mag (Imara & Blitz 2007) . The transformation is given below:
We note that the V and I-band measured system magnitudes lie slightly above the respective P-L relations for W Virginis stars, which is consistent with some extra light coming from the companion. Moreover, on the P-L relation for the Wessenheit index, the system also lies above and equally close to the relation, suggesting that the possible intrinsic extinction is not significantly affecting the system brightness and that the majority of the light indeed comes from the Cepheid. We thus find it reasonable in this case to use Cepheid magnitudes derived from the P-L relations for the temperature estimation, although it is not yet clear if this approach can be used for all peculiar W Virginis stars.
We derive a temperature of the Cepheid of 5400 K. Using the system color directly we obtain the slightly higher temperature of 5600 K, which is consistent with our view of the companion being hotter, but significantly fainter, than the Cepheid. The estimated uncertainty is 200 K, which accounts for errors in the photometry and the parameters of the relation. Some unknown systematical error related to the use of the W Virginis period-luminosity relation for this star may be still present. The temperature of the companion was estimated from the residual color after the subtraction of the Cepheid light from the total system brightness and according to the light curve solution. As the system and Cepheid brightness is very similar the uncertainty of the estimated color of the companion is high. The lack of a disk in the light curve model also makes the results regarding the surface brightness ratio quite speculative. The presence of circumstellar matter may also further affect the solution.
The resulting physical parameters of the OGLE-LMC-T2CEP-211 system components are given in Table 3 . There are two classes of parameters listed, those mainly based on the orbital solution (which are more robust) and those that rely on the light curve model and photometry (the radii and especially the temperatures) which are prone to strong systematics due to the missing components in the model, and correlations between the parameters.
The masses belong to the first group, and are very well determined, with uncertainties of about 2.3% for the Cepheid (0.643 ± 0.015 M ⊙ ) and 1.1% for the companion (5.67 ± 0.06 M ⊙ ). We should also not expect problems with the determination of the sum of the radii (34 ± 2 R ⊙ ) and indeed it is consistent with what we can simply calculate from the width of the eclipse assuming an edge-on view of the system orbit (33 ± 4R ⊙ ). The individual radii and temperatures are highly correlated and are the weakest points of the solution. This is also due to the fact that the companion is probably self-obscured by the disk, which is not taken into account in the model. Using the Cepheid radius obtained with the help of pulsation theory (25.1 R ⊙ ), yields R = 9 ± 2 R ⊙ for the companion.
If we fit the radius of the Cepheid as a free parameter, we obtain a value of 28.8 ± 0.7 R ⊙ . In this solution the companion is smaller (5.4 ± 1.0 R ⊙ ) and the inclination is lower (86.1
• ). Because of the presence of the relatively dense circumstellar matter, in neither case do the radii correspond to the secondary star surface, but rather to the bright part of the whole complex object. As suggested by the H α profile, what we detect is probably a shell surrounding a smaller early-type star, as typical for Be shell stars. Circumstellar material with a radius of similar size (∼9-10 R ⊙ ) was detected around φ Persei, a B1.5e shell star (Hummel &Štefl 2001) . The radius, temperature and other related quantities (like luminosity) in our solution (Tab. 3) are thus probably not directly related to the photosphere of the companion. For example, Carciofi & Bjorkman (2006) modeled a disk around a Be star with a surface temperature of 19000 K and found that the disk temperature changes from 15000 K to 7000 K depending on the distance from its base.
Disk modeling
We have also performed a separate simple modeling of the disk using the shape of the primary eclipse only. We have tested for a presence of various combinations of a solid disk and up to two rings, taking into account the inner (R in ) and outer (R out ) radius of each ring, and their thickness and inclination to the orbital plane. Disk asymmetry was also modeled, represented as a simple translation of the ring center in the orbital plane at any direction. We have assumed the whole disk to be optically thick. For the Cepheid an average radius was used and the limb darkening was not taken into account. The observed data and the fit are shown in the top panel of Fig. 11 .
We have obtained the best fit for a model with two rings surrounding the companion. A configuration of the system for the best model is shown in Fig. 12 . The inner ring extends from about 35 to 64 R ⊙ from the companion center, while the outer ring is located at ∼ 116 R ⊙ and is practically torus-like (with the radial extent comparable to its thickness). The whole disk is slightly tilted from the orbital plane by 1-2
• . It is also asymmetric, with a significant extension toward the Lagrangian point L 1 and slightly toward the direction of the orbital motion. This feature is most prominent in the case of the outer ring.
A similar eclipse shape as the one modeled here was observed in the EE Cep system, where a ring structure and an inclined disk model was proposed to explain the observed light curve features (Ga lan et al. 2010) .
The outer ring is possibly formed from the matter lost by the Cepheid due to stellar wind and pulsations and transferred to the orbit around the companion through the L 1 point as predicted by Kruszewski (1967) , although a dynamical simulation would have to be made to proof this hypothesis. In our simple model, such a stream of mass can be represented as a thin, asymmetric ring which coincides with the stream trajectory in the phase range of the eclipse. The small waves seen in the residuals between phases 0.04 and 0.08 may indicate some finer features related to the stream that are not included in our two-ring model. We have tried to account for it by splitting the outer ring into two separate ones, adjusting their radii and relative shifts. The best light curve model for such a configuration is presented in the bottom panel of Fig. 11 . Much smaller residuals indicate that indeed two circular, non-concentric streams of matter located at about 105 R ⊙ and 125 R ⊙ can explain the eclipse shape. However, as we are probing just a part of the ring that is occulting the Cepheid, we cannot say how the ring structure looks all around the orbit. For this reason we keep as the best one the two-ring model, which gives a slightly worse fit but is more robust. We have to keep in mind, however, that the rings, and especially the outer one, may have a more complex, finer structure.
The origin of the inner ring is not clear. It can be either an accretion or decretion disk, but the gaps between the shell-covered star and the ring, and between the ring and the outer ring, make its existence more enigmatic. In general the shell around Be stars is modeled as a disk (Hummel &Štefl 2001) . This means that apart from the two rings, probably of accretion origin, there is also an additional decretion disk around the companion with a radius of 9 R ⊙ , making the whole structure of the system even more complicated.
Please note that this model accounts only for optically thick parts of the disk, so a solid disk with interchanging thick and thin zones may also explain the light curve variation. Nevertheless, our light curve model is nicely complemented with the information obtained from the analysis of the hydrogen lines. As seen in Fig. 8 and 9 , the maxima of the emission in H α (at r = 113-122 R ⊙ ) correspond perfectly to the position of the outer ring, while the maxima of the emission in H β (at r = 64 R ⊙ ) correspond to the outer radius of the inner ring -see Table 3 .
As seen in Fig. 12 the system is clearly a detached one, as both stars are well within their corresponding Roche lobes.
BINARY EVOLUTION ANALYSIS
The current configuration of the system and especially the masses of components directly point to a binary evolution scenario. We have performed a binary evolution analysis with the aim to reconstruct the observed parameters of the components and to determine the initial configuration of the system. As the secondary component is apparently severely obscured by disk and circumstellar matter, which makes impossible a direct determination of its radius and temperature, such analysis may also reveal the expected physical parameters for the hidden companion. Fortunately the masses are precisely determined for both components and serve as very good constraints for the evolutionary models.
In the course of the evolution of stars in a binary system the validity of the Vogt-Russell theorem (that the structure and evolution of a star is uniquely determined by its mass and chemical composition, Carroll & Ostlie 2006) may be altered by the interaction of the components in the system. The Roche-lobe induced mass transfer is one of the most important, affecting the individual components in a way that their structure and evolutionary paths change drastically. No malized flux conjunction shell inne ing oute ing A oute ing B model fitted data Figure 11 . top: A model of the eclipse of the Cepheid by a complex disk consisting of two rings, a broad inner and a narrow outer one. The I-band eclipsing light curve LC ecl is folded with the ephemeris Tpri(HJD) = 2455754.27 + 242.23×E. The eclipse minimum is shifted in phase from the moment of conjunction (dotted line). Eclipse shape for each component of the secondary separately is plotted with a dashed line. Note that the shell contribution in the combined model is much smaller because of non-zero projected intersection with the rings. | bottom: The same plot, but with the outer ring divided in two parts. A better fit in this case points to some irregularities in the ring density or a finer structure.
Moreover, the combination of the transferred, accreted and lost mass from the components entangles the individual history of the components, so the investigation of the progenitor's properties in post-mass transfer systems always suffers from some amount of degeneracy. The fate of a binary system after the onset of a mass transfer is a complex combination of an individual structural response of components to the mass change and the angular momentum evolution. In principle, the evolution of the angular momentum (AM) of a system is determined by the initial masses of its components, the orbital period and the mass/AM-loss from the system during the mass transfer. Although accurate treatment of this process is not yet possible, assuming a simplified AM loss mechanism proposed by Hurley et al. (2002) we can track the AM evolution of a system for a given initial mass ratio (q i ) and systemic mass loss fraction (β): whereṀ a is the mass being received by the accretor andṀ d is the mass being lost by the donor. The mass transfer is conservative if β = 0 and totally non-conservative if β = 1. Using the simplified AM loss mechanism it is possible to calculate the initial parameters of a system for a given set of q i and β using equations 3 and 4 presented in Kolbas et al. (2014) , while to track the structural response of the components, one have to use a stellar evolution code capable of calculating simultaneously and in detail the internal structure of both star during the mass transfer.
To determine the evolutionary status of OGLE-LMC-T2CEP-211, we first calculated sets of initial parameters consistent with the current total mass and AM of the system. The calculations followed the method and conventions presented in Kolbas et al. (2014) . The input parameters were: the final masses of the donor and accretor (M , and the initial orbital period (P i ). We have repeated these calculations for 134 sets of values of q i and β. Finally, we created binary evolution grids starting from all the initial configurations for stars with an LMC metallicity, Z=0.008. We carried out the calculations using the Cambridge version of STARS evolution code (Eggleton 1971 (Eggleton , 1972 Pols et al. 1995; Stancliffe & Eldridge 2009 ). More details on building this kind of binary evolution grids and performed calculations can be found in Dervişoǧlu et al. (2018) . The results of these calculations, i.e. the evolutionary tracks, were then compared with the current configuration of the system.
We searched for the best fitting binary evolution model by means of χ 2 minimization comparing the results with the observed, absolute properties of the both components of the system. However, since the accretor is highly obscured by the disk, we excluded its radius and temperature from our analysis. We define the χ 2 function as:
where X obs and X mod are, respectively, the observed and modeled: donor mass M d , radius R d , temperature T d and accretor mass M a . The orbital period is not included here because during the mass transfer it is a function of masses of the components and β, i.e. P · M and R a = 2.506 for the mass accretor. The systemic parameters of this best-fit model are q = 7.87, P orb = 180.8, and the age of the system is t = 198.0 million years. We also calculated the confidence limit of best fitting model by propagating the observed errors into χ 2 function, obtaining the value χ 2 lim = 32.4. From all calculated models 24 fall within this confidence limit, i.e. have χ 2 ≤ χ 2 lim . All these valid models are presented in the electronic version of the manuscript and plotted on the log g -log T ef f (Kiel) diagram with the observed position of the components in Table 4 . Evolutionary models.
log Ta log La log Ra P Note-Extended version of this table with all the considered binary evolution models, plotted in Fig. 13 , is available in the online version of the manuscript. As a summary, values for the best and mean model with the standard deviation of the parameters are given here. The meaning of the indices is: i -initial, f -final, d -donor, a -accretor. 1.68 ± 0.12 2.51 ± 0.17 (9 ± 2) R⊙ log g 4.44 ± 0.07 4.39 ± 0.06 -cgs T2 13700 ± 530 22000 ± 450 (7000 ± 1000) K log L2/L⊙ 1.95 ± 0.10 3.117 ± 0.011 -Note-Current and initial states of the system are given for the evolutionary model. R2 and T2 refer to the star in case of the binary evolution model and to the central, bright region (probably a shell) of the star+disk component in case of the measurement. Fig. 13 . A subset of them is shown in Table 4 , together with the best and the mean model. Standard deviation of the parameter values for valid models is also given, and is used as an estimation of the uncertainties of the best model. Nonetheless, caution is required in interpreting the presented results and confidence intervals, as binary evolution models are not yet very exact, missing much complex physics regarding the mass transfer and angular momentum evolution. They are still in active development as our knowledge of these processes increases. But even with the systematic errors that may be present in these models, they are still our best way to study the history of the observed binaries, providing us with plausible parameter sets and indicating the current and past important stages of the evolution.
In our best fitting model, the mass transfer from the current Cepheid component to its companion starts 194.5 million years after ZAMS (Zero Age Main Sequence) and it takes 1 million years for the transfer to complete. The current age of the components is about 198 My and the mass transfer has finished about 2.5 million years ago. The primary component has mass M 1 = 0.715M ⊙ and a highly evolved helium core. The total mass of helium is 0.66 M ⊙ , while the hydrogen is present only in the envelope. The expected surface mass fraction of hydrogen and helium are X = 0.42 and Y = 0.57, respectively. Table 5 ) is higher than the measured one, but the mass loss from winds was intentionally disabled to track the mass transfer evolution only. The mass excess ∆M = 0.072M ⊙ can be removed from the primary with mass loss rates of the order of 10 −7 − 10 −8 M ⊙ /year during the time after the mass transfer has finished. Such mass loss rates are common for highly evolved stars with low surface gravity (Knapp 1986) , and the pulsations may further enhance the process (Neilson & Lester 2008) .
To compare the model with observations for the current Cepheid we have enabled mass loss due to windṀ wind = 2.7 × 10 −8 M ⊙ /yr after the mass transfer phase. In this model the mass of the primary (M 1 = 0.66M ⊙ ) and the orbital period (P orb = 251.3) are consistent with the observations within the simplified modeling uncertainty limits.
In Fig. 13 the evolutionary tracks for both components are presented together with the observational data. The most important phases during the binary evolution, i.e. ZAMS, end of the main sequence evolution, and mass transfer beginning and end are also marked.
The binary evolution model strongly suggests that the currently more massive companion is much smaller and hotter (B2 type) than the bright component detected during the light curve modeling. This further strengthens our conclusion of the presence of a larger (∼ 9 R ⊙ ) shell surrounding the fast-rotating and much smaller central B-type star, ie. a typical Be shell star. The star itself is probably highly distorted by the rapid rotation. Such a configuration explains all of the observations and is also consistent with the current view on Be shell stars.
PULSATIONAL PROPERTIES
As mentioned in the previous section, the Cepheid is almost totally stripped of hydrogen at the current epoch. The star has a helium core and the small fraction of hydrogen can be found only in the envelope, with about 42% of hydrogen at the surface level. Such an unusual composition could influence the pulsational properties of the Cepheid, which we verify with pulsation calculations. We use the linear and non-linear pulsation codes of Smolec & Moskalik (2008) . These are lagrangian, one-dimensional codes which implement the turbulent convection model of Kuhfuss (1986) . In the calculations we use OPAL opacity tables (Iglesias & Rogers 1996) , supplemented at low temperatures with the Ferguson et al. (2005) opacity data. For the distribution of heavier elements we adopt a scaled solar mixture as given by Asplund et al. (2009) . To study the effects of the strongly decreased hydrogen content (and consequently strongly increased helium content), we consider two chemical compositions of the models: with X = 0.42 and Z = 0.01 (model X42), as inferred from evolutionary modeling, and with X = 0.71 and Z = 0.01 (model X71). For convective parameters we adopt the values previously used in the modeling of type II Cepheids by Smolec et al. (2012) and Smolec (2016) . The exact values can be found in Tab. 2 of Smolec et al. (2012) (set P1). Physical parameters are fixed to the values from Tab. 3 At the linear level, for both models X42 and X71 we obtain satisfactory results. The period of the fundamental mode is barely sensitive to the hydrogen content, the difference for the two adopted compositions is ≈ 0.03 d. For both compositions the fundamental mode is linearly unstable, i.e. the Cepheid is located within the instability strip. The boundaries of the instability strip for model X42 are plotted in Fig. 13 . We note that for model X42, the convective zones are more extended and carry less radiative flux than for model X71. As a result the driving mechanism is less efficient and the absolute value of the growth rate is smaller for model X42.
The evolutionary track of the initial primary is located inside the boundaries of the instability strip ever since it finished transferring mass to the initial secondary. This means that the current Cepheid could start pulsating quite soon after the mass transfer phase was finished. This may be an important factor responsible for enhancing the mass loss (Neilson & Lester 2008) , which is necessary to explain the current mass of the Cepheid.
In Fig. 14 we show the pulsation radial velocity curves computed with the non-linear code for the two chemical compositions: X = 0.42 in the left panel and X = 0.71 in the right panel. To allow comparison with the observed radial velocities the calculated pulsational velocities were divided by the projection factor and shifted in phase to obtain the best fit. The p-factor values in a narrow range of 1.25-1.35 were considered. We obtained p = 1.25 for model X42 and p = 1.3 for model X71. For model X42 the amplitude is smaller than the observations. To increase the amplitude we have decreased the eddy-viscous parameter from α m = 0.25 to α m = 0.10 (models X42 0.25 and X42 0.10 ). The resulting radial velocity curve is plotted with a dashed line and satisfactorily reproduces the observed radial velocity curve. The only significant difference is that the maximum expansion velocity is marginally too small. For model X71 the amplitude roughly matches the observations, but the overall agreement with the observed radial velocity curve is poor, and the change of α m does not help. The corresponding Fourier decomposition coefficients for the observed and modeled RV curves are presented in Table 6 . Note that these coefficients do not depend on the used p-factor and the phase shift. It is clear that with X = 0.42 the models are a better fit to the observed radial velocity curve, we note however that more detailed modeling, in particular a consideration of other sets of convective parameters, is needed for more definite conclusions.
Unfortunately, with the available pulsation codes we cannot reliably model the light variation in luminous, low-mass type II Cepheids that are strongly non-adiabatic pulsators. This is due to the simplified treatment of the radiation transfer, for which a simple diffusion approximation is used in the codes. While dynamical properties such as radius and radial velocity variation are well captured, the light variation is not -for longer periods, the amplitude is too large and spurious spikes are present in the light curves. We refer the reader to Smolec (2016) for further details. Here, we note that for both models X42 and X71 the ascending branch of the light curve is steeper, as is observed in peculiar W Vir stars. Figure 14 . Comparison of observed and computed radial velocity curves. The values of p-factor 1.25 and 1.3 were used for model X42 and X71, respectively. For all model RV curves, a shift in phase was applied to obtain the best possible fit to the data.
SUMMARY AND DISCUSSION
Our analysis of brightness, period and the light curve shape confirmed the classification of the pulsating star in the OGLE-LMC-T2CEP-211 system as a peculiar W Virginis, type II Cepheid. This classification is further enforced by the measured large relative radius change, almost 25% of the minimum radius, and its position on the HR diagram. It was also shown that the star is a genuine member of an eclipsing binary system with the orbital period of 242.2 days and a very high mass ratio (q = 8.82).
We have presented the first direct and dynamical measurement of the mass of a star of this type. The measured mass of 0.64 ± 0.02M ⊙ is close to the masses expected for Type II Cepheids (0.5 − 0.6M ⊙ ) according to pulsational and evolutionary theory studies (Wallerstein 2002; Bono et al. 1997 Bono et al. , 2016 . This indicates that peculiar W Virginis stars are low-mass pulsators similar to W Virginis stars although with a different evolutionary history.
Due to the limitations imposed by the data, it was not possible to directly determine the radius of the Cepheid from the modeling, but it could be well constrained with the help of pulsation theory. We have obtained a value of 25.1 ± 0.3R ⊙ , for which a star of this mass pulsates with the observed period in the fundamental mode.
The companion to the Cepheid is significantly if not completely obscured by an optically thick circumstellar disk in an analogue with the W Crucis (Pavlovski et al. 2006) or the β Lyrae (Mennickent & Djurašević 2013) systems, and its physical parameters could not be directly determined, with the exception of the mass (5.67 ± 0.06M ⊙ ). Nevertheless, it is certain that the companion is significantly hotter and smaller than the Cepheid.
Although the pulsating components are in many ways different, the OGLE-LMC-T2CEP-211 system is very similar to OGLE-LMC-T2CEP-098 (Pilecki et al. 2017b ) considering the current high mass ratio and the implausible evolutionary states assuming single star evolution for both components separately. The simplest solution for both systems is the mass reversal scenario due to mass transfer as in the solution of the Algol Paradox, which would explain the existence of the system in the current configuration.
We showed that a system initially composed of 3.5 and 2.8 solar-mass stars and a period of about 12 days would produce a hydrogen-depleted low-mass star (similar to the observed Cepheid) and a hot main-sequence star (R = 2.5 R ⊙ ) of approximately spectral type B2 after about 200 million years of binary evolution and a significant mass transfer. Although the comparison is limited by the presence of a circumstellar disk, this configuration is consistent with our measurements, especially of the masses of the components. However a modest and reasonable mass loss due to wind from the current Cepheid is necessary to explain the current orbital period, which is a sensitive function of the mass ratio.
In the light curve analysis we detected a bright part of the companion star+disk component, but it was larger (R = 9 R ⊙ ) than the size of the B-type dwarf companion expected from the binary evolution model. Together with other indications, including the shape of the H α line, we conclude that the companion is a Be shell star, with a ∼9 R ⊙ decretion disk.
Our modeling of the primary eclipse resulted in a detection of an extended disk composed of two (or more) rings around the companion, with the inner extending from about 35 to 64 R ⊙ and the outer being located at a radius of about 116 R ⊙ . The radii of these rings coincide with the emission maxima in H α (outer ring) and H β (inner ring).
The presence of the disk around the companion is interesting as the system is not semi-detached, and neither star fills its corresponding Roche lobe. Its presence can be explained in three non-exclusive ways. It could be formed from the mass transferred from the current Cepheid in a past stage of the evolution or from the mass being lost now by the Cepheid due to stellar wind and pulsations, with the latter being the most probable scenario for the outer ring. A decretion disk can also be formed from the mass ejected from a fast-rotating companion as typical for Be stars (Lee et al. 1991; Rivinius et al. 2013) . A small disk of this origin was detected around the companion, but it is unclear if the inner ring could be formed in the same manner. The origin of the inner ring is thus the most enigmatic, with a possibility that it is being fed from both sides. It is also uncertain whether or not the current mass loss rate of the Cepheid is large enough to feed the disk with sufficient matter, although it is possibly the only source of mass to populate the outer ring, which presence is consistent with the prediction of Kruszewski (1967) for mass transfer through the L 1 point. This complex configuration informs the discussion of the possible disk feeding mechanisms (Porter 2000; Rivinius et al. 2013) in similar binary systems.
According to Paczynski (1977) the radius of the maximum possible streamline in an accretion disk in a system with the mass ratio q = 9 is 137 R ⊙ and the radius of the maximum stable streamline is about 130 R ⊙ along the line connecting the components. In our model the size of the disc is close to, but below both of these limits, even for the three-ring model for which R outer = 125 R ⊙ .
The pulsational radial velocity curve obtained from a pulsation theory model for a hydrogen-deficient star (X=0.42) with the observed parameters agrees very well with the observed radial velocity curve. The pulsation velocities are not well fit for models with a typical hydrogen abundance (X=0.71). This confirms the results obtained from the binary evolution analysis that the pulsating star is a low-mass product of mass transfer composed mostly of helium, bound in the binary system with an early-type companion. Soszyński et al. (2008) found that peculiar W Vir stars are in general bluer and lie above the P-L relation for type II Cepheids, consistent with this picture. This supports the conclusion that the majority, if not all, of pWVir stars are products of a similar binary evolution. The difference in color and brightness would then depend on the inclination of the orbit (disks seen face-on would not occult the central star) and also on the luminosity and temperature of the early-type companion.
We found OGLE-LMC-T2CEP-211 to be similar to the AU Mon system (Mennickent 2014) , with the exception that for OGLE-LMC-T2CEP-211 the initial period was longer and the mass transfer has finished, leaving a less massive donor on a much wider orbit around a very massive companion. The future of the AU Mon system may be similar (i.e. a low-mass, hydrogen-deficient star and a massive early-type star), although a separate study would be necessary to determine if the low-mass star would pulsate and as a what kind of a variable. On the other hand, the more distant future of both systems may be a typical Be star with the secondary too faint to be easily detectable as suggested by Mennickent (2012) and discussed by Wang et al. (2018) . Our results also support the conclusion of de Mink et al. (2013) that it is possible that all early-type Be stars result from binary interactions.
The intention of this work was to present the precise and accurate mass determination for the Cepheid and its companion as well as the evolutionary state of this typical example of a peculiar W Virginis star. The complicated nature of the system, including the presence of a complex disk, and the limited photometric data gathered so far, meant that a direct solution and precise absolute physical parameters for both components of the system could not be derived. More and better quality photometry together with more complex modeling are both necessary for a better understanding and characterization of this very interesting and challenging system which may hold the clues for a better understanding of the whole class of peculiar W Virginis stars. This work is based on observations collected at the European Organisation for Astronomical Research in the Southern Hemisphere under ESO programmes: 096.D-0425(A), 098.D-0263(A) and 100.D-0399(A). We thank ESO, Carnegie, and the CNTAC for generous allocation of observing time for this project. We would also like to thank the support staff at the ESO Paranal observatory and at the Las Campanas Observatory for their help in obtaining the observations, as well as the observers from the OGLE project for dedication of their time for collecting the photometric data. BP would also like to thank Krešimir Pavlovski for useful discussions regarding the studied system.
